The typical method of vehicle steering bifurcation analysis is based on the nonlinear autonomous vehicle model deriving from the classic two degrees of freedom (2DOF) linear vehicle model. This method usually neglects the driving effect on steering bifurcation characteristics. However, in the steering and driving combined conditions, the tyre under different driving conditions can provide different lateral force. The steering bifurcation mechanism without the driving effect is not able to fully reveal the vehicle steering and driving bifurcation characteristics. Aiming at the aforementioned problem, this paper analyzed the vehicle steering and driving bifurcation characteristics with the consideration of driving effect. Based on the 5DOF vehicle system dynamics model with the consideration of driving effect, the 7DOF autonomous system model was established. The vehicle steering and driving bifurcation dynamic characteristics were analyzed with different driving mode and driving torque. Taking the front-wheel-drive system as an example, the dynamic evolution process of steering and driving bifurcation was analyzed by phase space, system state variables, power spectral density, and Lyapunov index. The numerical recognition results of chaos were also provided. The research results show that the driving mode and driving torque have the obvious effect on steering and driving bifurcation characteristics.
Introduction
In recent years, with the development of tyre mechanics and nonlinear dynamics theory, the fact that the vehicle dynamics bifurcation mechanism due to nonlinear characteristics of the tyre lateral force has been basically confirmed [1] [2] [3] . The 2DOF vehicle model assumes that the longitudinal velocity is constant and does not consider the effect of tyre longitudinal force on the system stability [4] . But, under the steering and driving conditions, with the increase of the longitudinal velocity, the tyres have to provide more longitudinal driving force. From the essence of dynamic mechanics, this phenomenon is caused by the combined slip characteristics of tyre longitudinal and lateral forces and the coupling effect of multidegree of freedom.
Tyres under different driving conditions can provide various lateral forces. Therefore, the steering bifurcation mechanism without driving torque involved cannot fully reveal the vehicle steering and driving bifurcation characteristics and also cannot explain driving torque effects on vehicle handling stability. The bifurcation analysis is usually based on the nonlinear vehicle model deriving from the classic 2DOF linear vehicle model. In the steering bifurcation analysis, the most representative research result is the phase plane of vehicle body sideslip angle and body sideslip angle rate proposed by Inagaki [5] in 1994. Using the method of Inagaki, Ono [6, 7] also got the same conclusion that vehicle system had three equilibrium points. One was the stable focus; the other two were unstable saddle points. Ono also found that when the body sideslip angle increased to a certain extent, vehicle instability was mainly caused by the saddle node bifurcation. Shen et al. [8] used the geometry trajectory intersection method to study the stability of vehicle steering dynamics. Their results also were close to Inagaki's conclusion; namely, the vehicle steering dynamics system had three equilibrium points. One was a stable focus and the other two were instable saddle points. On the basis of 2DOF vehicle model, longitudinal velocity was added into the vehicle body model by Liu et al. [9] . As a result, the constant longitudinal velocity assumption was removed, and the stability criterion based on the 2DOF model was revised. Furthermore, the chaos phenomenon of the vehicle steering movement was found. And it reflected that the dynamics essential of vehicle steering instability was the chaotic motion [10] . Horiuchi et al. [11] proposed a method of analyzing the vehicle stability during acceleration and braking adopting constrained bifurcation and continuation methods. Based on the vehicle model including the longitudinal velocity, lateral velocity, yaw rate, and roll velocity, the bifurcation caused by the braking deceleration was analyzed. According to the wheel rotation dynamics analysis, the classical tire longitudinal slip rate equation was verified under instable driving situation by Wang et al. [12] . And on the basis of 5DOF nonlinear vehicle model including the driving effect the driving mode effects on vehicle stability with different steering angle input were analyzed.
Above all, by employing the 2DOF vehicle model, the vehicle steering stability study has achieved fruitful research results. The 3DOF vehicle model including the longitudinal velocity reveals the chaos motion nature of the vehicle instability. The 5DOF vehicle model containing the driving force indicates that different driving modes affect vehicle steering stability. However, the dynamic evolution process of vehicle steering and driving bifurcation still lacks the comprehensive research, especially the fully accurate numerical recognition results of chaos.
Vehicle System Model

5DOF Vehicle System
Model. Based on the 3DOF vehicle steering model [13] , the 5DOF [12] planar motion nonlinear dynamics vehicle system model with driving torque involved is established. The equations of 5DOF vehicle model are shown in (1) . Figure 1 is the sketch of the bicycle vehicle model:
where is vehicle mass; is vehicle yaw moment of inertia; V is longitudinal velocity; V is lateral velocity; is yaw rate; is angular velocity of front wheel; is angular velocity of rear wheel; is distance from front axle to the mass center; is distance from rear axle to the mass center; is wheel moment of inertia; is front wheel steering angle; air , air are longitudinal and lateral air resistance coefficient; , are vehicle longitudinal and lateral area; is air density; is driving torque; is braking torque; is wheel rolling radius; , , , and are longitudinal and lateral tyre force of front and rear wheel.
The vehicle parameters are listed in Table 1 . The tyre force is modeled by the Magic Formula [14] :
where , , , and are coefficients. is the longitudinal or lateral tyre force, and is the longitudinal slip or sideslip angle.
The typical longitudinal slip [14] is defined as follows:
where is angular velocity of wheel; V is linear velocity at the wheel center in the longitudinal direction. The longitudinal tyre parameters are listed in Table 2 .
The sideslip angles of front and rear tyre are given in the following:
where = 0. Table 3 shows the lateral tyre parameters [15] . Figures 2 and 3 show the steady state tyre characteristics of the longitudinal force and lateral tire force.
By using models proposed by Pacejka [14] , the combined slip characteristics, the tyre forces can be calculated as follows: The best interactive curves are produced with parameters mentioned in Table 4 .
7DOF Autonomous System
Model. In order to focus attention on the dynamics characteristics of the vehicle itself, an effective way of introducing periodic front wheel steering angle input into the model without the driver model is establishing the autonomous model.
The typical vehicle handling stability test condition is selected. The front wheel steering angle input is the sinusoidal form as follows:
where is amplitude of front wheel angle input; is frequency of front wheel angle input.
The 5DOF vehicle system model is transformed into 7DOF autonomous system model with the front wheel steering angle as an intermediate variable:
where = (V , , V , , , , ) and is intermediate variable:
Amplitude of Front Wheel Angle Effect on Bifurcation Characteristics
In order to be close to the practice vehicle operation condition, the steering and driving simulations under constant driving torque are carried out based on 7DOF autonomous system model. The selection of driving torque is based on the related technical parameters of passenger car equipped with 1.6 L engine. In general, the maximum power of naturally aspirated engine is about 77/5600 of kw/rmp and the maximum engine torque is about 155/3500 Nm/rpm. Therefore, the driving torque = 140 Nm is selected as the upper limit of the simulation.
For the specific simulation parameters, we get the following.
Initial longitudinal velocity V = 20 m/s. The constant driving torque on driving wheel = 140 Nm. Note that, for all-wheel-drive mode, driving torque applying on the front and rear wheels is half of the total driving torque, respectively; namely, = 70 Nm. The varying range of amplitude value of front wheel steering angle is (0.0005, 0.1) rad, with the interval value being 0.0005 rad. The frequency of front wheel It is obvious that the overall trend of the bifurcation diagrams of all-wheel-drive mode and rear-wheel-drive mode is in accordance with the bifurcation diagram of frontwheel-drive mode. The varying range of yaw rate expands to (−4, 4) rad/s. But the bifurcation parameter A (amplitude of front wheel steering angle) has the obvious differences under different driving mode. of front-wheel-drive mode ( = 0.02 rad) > of all-wheel-drive mode ( = 0.0175 rad) > of rear-wheel-drive mode ( = 0.014 rad). So, it can be conclude that the different driving mode has obvious effects on the bifurcation characteristics. = 0.02 rad. There is no sort order change of under different driving mode. of front-wheel-drive mode ( = 0.028 rad) > of all-wheel-drive mode ( = 0.0265 rad) > of rear-wheel-drive mode ( = 0.02 rad).
Dynamic Evolution Process of Steering and Driving Bifurcation
In fact, the system state variables bifurcation diagrams in previous section indicate that the 5DOF vehicle system dynamic Mathematical Problems in Engineering characteristics are the typical chaotic motion. Namely, the 5DOF vehicle system turns into the chaotic motion from the quasiperiodic motion with the constant driving torque and periodic front wheel steering angle input. In this section, the details of the dynamic evolution process of steering and driving bifurcation are confirmed. Taking the front-wheel-drive mode as an example, the simulations are carried out in this section. The simulation condition is identified with previous section, namely, the steering and driving simulations under constant driving torque. 
Amplitude of Front Wheel
Steering Angle = 0.015 rad. Figures 15-22 are the numerical results with = 0.015 rad. Figure 15 is V -V -phase space trajectories. Figure 16 is phase space trajectories in Figure 15 onto Vplane. It is shown that when = 0.015 rad, the phase space trajectories are quasiperiodic torus. In the whole simulation period, the initial longitudinal velocity V increases gradually and stabilizes in a certain range, while the lateral velocity V and yaw rate gradually transformed into stable periodic oscillation. By analyzing the state variables V , V , and in Figures 17  and 18 , the same conclusion can be drawn too. Figure 18 is the calculation result in first 100 s. Figure 19 is the Poincare section of phase trajectory captured in period of front wheel steering angle. It can be seen that each state variable is in a straight line. This is the typical characteristics of the periodic motion. Figure 20 is the power spectral density diagram of each state variable. In this figure, all state variables are in typical periodic motion; namely, the power spectral density shows single peak distribution characteristics. Note that the varying frequency of V is consistent with the frequency of front wheel steering angle. They are both 0.4 Hz. Figures 21 and 22 show the Lyapunov exponents of state variables. Figure 22 is the local enlargement of Figure 21 . The algorithm employed in this work for determining Lyapunov exponents was proposed by Wolf et al. [16] . The Lyapunov spectra are (0, 0, 0, −, −, −, −), which prove that the system is not chaotic.
Amplitude of Front Wheel Steering Angle
= 0.02 rad. Figures 23-30 are the numerical results with = 0.02 rad. From the previous analysis, it is known that the system bifurcation occurs.
Figures 23 and 24 are V -V -phase space trajectories. Compared with phase space trajectories, while = 0.015 rad, the phase space trajectories transform into bounded chaos. By the state variables V , V , and in Figures 25 and 26 , it can be concluded that, at the beginning of the simulation, the absolute value of longitudinal velocity V increases gradually and stabilizes in a certain range. The absolute value of lateral velocity V and yaw rate increases gradually and then begins to swing within a certain range. But when the simulation time at about t = 251 s (at this moment, the V = 38.16 m/s, = 0.1383 rad/s, V = −1.083 m/s), the first dramatic changes of system dynamic state suddenly take place.
(1) The lateral velocity decreases quickly at the beginning and then begins to increase rapidly. At t = 257 s, lateral velocity reaches the minimum V = −38.72 m/s. When t = 261.8 s, lateral velocity increased to V = 38.54 m/s. When t = 264.5 s lateral speed turns back to the post scope.
(2) At the beginning, yaw rate begins to rapidly increase and then decreases rapidly, after that increases rapidly again, and finally returns to the initial state range. At t = 257 s, yaw rate reaches the peak = 0.742 rad/s. At t = 259.6 s yaw rate reduces to = 0.4464 rad/s. When = 261.8 s, yaw rate reaches the peak again = 1.026 rad/s. At t = 265 s yaw rate turns back to the initial state range.
(3) The longitudinal velocity begins to decrease rapidly firstly, then increases rapidly, and finally stabilizes within the original scope. When t = 259.5 s, longitudinal velocity reaches the minimum V = −37.22 m/s. When t = 264 s, longitudinal velocity increases to V = 34.51 m/s. After that, the longitudinal velocity increases slowly.
When the simulation time at about t = 446 s (at this moment, the V = 41.5 m/s, = −0.05763 rad/s, V = 2.843 m/s), system dynamic state suddenly shows second dramatic change.
(1) The lateral velocity begins to rapidly increase and then decreases quickly. When = 449.8 s, the lateral velocity Figure 27 is the phase trajectory of the Poincare section captured in period of front wheel steering angle. It can be seen from the picture that each state variable shows a limited point set, which is the typical characteristics of chaotic motion. spectrum turns from (0, 0, −, −, −, −) to (+, 0, 0, −, −, −, −), which is kept to the end of the whole simulation. This is the proof that the system enters the state of chaos.
= 0.04 rad. Figures 31-38 are the simulation results with = 0.04 rad. It is clear that the system bifurcation has occurred, and the system has completely entered into chaos state.
The phase space trajectories in Figures 31 and 32 show that the vehicle state has lost stability. In other words, the vehicle has entered into chaos. The state variables of time series in Figures 33 and 34 also show the severe oscillation. But its overall range is bounded. The Poincare section diagram in Figure 35 can also get the same conclusion that the Poincare section is the limited point set in bounded scope.
In Figure 36 , the power spectral density of the state variables all presents the typical chaotic characteristics of broadband multimodal. Figures 37 and 38 are the Lyapunov exponents of state variables. It is obvious that, at the beginning of the simulation, the maximum Lyapunov exponent quickly stabilizes to the state in which maximum Lyapunov exponent is positive. It also shows that the system has completely entered into chaos.
Conclusion
(1) Under different driving conditions, vehicle steering and driving bifurcation characteristics exhibit obvious difference. So, the research on bifurcation characteristics without the driving mode is incomplete.
(2) The quasiperiodic torus rupture chaos route is proposed for 5DOF vehicle dynamics system; namely, with the periodic front steering angle input, the stable quasiperiodic vehicle motion may turn into chaos. It is also proved that the essential characteristics of 5DOF vehicle dynamics system instability are the dynamic system chaotic motion. 
